In order to achieve accurate dynamic identification of parallel manipulators, the exciting trajectories have to be specially designed according to some optimal criteria. Two different criteria are developed based on the Weighted Least Squares (WLS) dynamic equations of parallel manipulators. Then the exciting trajectories are parameterized with the finite Fourier series, and optimized by the nonlinear optimization algorithm. The exciting trajectories and dynamic identification are implemented on a 2-DOF redundantly actuated parallel manipulator, and the experiment results indicate that the accurate dynamic model can be established by using the proposed method.
INTRODUCTION
Comparing with the serial ones, parallel manipulators have potential advantages in terms of high stiffness, accuracy, and speed [Merlet, 2000] . In order to realize these performances, advanced controllers should be designed for parallel manipulators. The advanced controllers such as computed torque or augmented PD controller are based on the dynamic model [Cheng, Yiu, and Li, 2003] , and their performances depend directly on the model accuracy. While the structure of the dynamic model equations of parallel manipulators is wellknown, the accurate values of the involved parameters are not always available. The dynamic model parameters provided by manufacturers are insufficient, inaccurate, or often nonexisting, especially those dealing with friction and compliance characteristics [Farhat, Mata, Page, and Valero, 2008] . As a result, experimental identification is the only efficient way to obtain accurate dynamic models of parallel manipulators as well as indications on their accuracy and validity.
When designing the identification experiments for parallel manipulators, it is essential to consider whether the exciting trajectories are sufficient to provide accurate parameter estimation in the presence of disturbances such as measurement noise and actuator disturbances [Swevers et.al., 1997] . Armstrong [1989] introduced the concept of exciting trajectories for the identification of serial manipulators. In his paper, such trajectories were found by solving a nonlinear optimization problem in which the smallest singular value of the observation matrix was adopted as a criterion. Since then, several papers have focused on the design of exciting trajectories for serial manipulators [Gautier and Khalil, 1992; Calafiore, Indri and Bona, 2001] . And the most extended method defines exciting trajectories by a certain analytical function. For serial manipulators, the joint coordinates are independent, and each joint coordinate can be pre-designed freely by the above methods. However, due to the limited workspace and closed-loop constraints, the exciting trajectories design of parallel manipulators is a challenging work [Diaz-Rodriguez, Iriarte, Mata and Ros, 2009] . For the closed-loop constraints, the joint coordinates of parallel manipulators restrict each other and they are dependent. That is to say not all the joint coordinates can be pre-designed freely, thus the exciting trajectories should be parameterized with respect to the generalized coordinates which are independent. And the generalized coordinates will make the dynamic modeling and identification even more complex.
In contrast to the vast literature concerning the dynamic identification of serial manipulators, actually, there are only a few publications dealing with the identification of parallel manipulators, especially those with redundant actuation. Due to the complex exciting design and dynamic equations, identification of all the model parameters for parallel manipulators is not easy. Considering the interaction of the dynamic property and the friction property, a new identification approach which separates the friction forces and dynamic forces by designing the point-to-point motion is proposed [Grotjahn, Heimann and Abdellatif, 2004] , and the dynamic parameters and friction parameters can be identified respectively by the Least Square (LS) method. However, the point-to-point motion restricts the selection of the exciting trajectories absolutely, and the identification accuracy is decreased. The combination trajectories containing slowspeed and high-speed motions are generated for dynamic identification of a H4 parallel manipulator in [Renaud et.al., 2006] . A similar approach has been used for the identification of other parallel manipulators in [Guegan, Khalil and Lemoine, 2003 ]. On the other hand, the problem of finding the exciting trajectories has been handled by means of optimization techniques [Abdellatif, Heimann, Hornung and Grotjahn, 2005] . In summary, in order to get accurate dynamic identification of parallel manipulators, the following problems must be considered. First of all, suitable exciting trajectories should be designed in the limited workspace according to some criteria. Then, following the optimal exciting trajectory, suitable identification method should be implemented to improve the parameter estimation accuracy.
The main contribution of this paper is to design the optimal exciting trajectories for dynamic identification, and establish the accurate dynamic model of parallel manipulators. The exciting trajectories are specially designed according to some optimal criteria, which are developed based on the Weighted Least Squares (WLS) dynamic equations of parallel manipulators. Then the exciting trajectories are parameterized with the finite Fourier series, and optimized by the nonlinear optimization algorithm. In addition, in order to validate the exciting trajectories and dynamic identification results, an actual 2-DOF redundantly actuated parallel manipulator is employed for application study. In the experimental part of this paper, the optimal exciting trajectories and dynamic identification method are performed on the parallel manipulator, starting from trajectories generation according to the proposed method, through issues related to data acquisition and filtering, to the estimation of the dynamic and friction parameters of the parallel manipulator and model validation. The influences of different criteria on the solution of parameter identification are compared. The experiment results indicate that, the proposed optimal exciting trajectories and the WLS method are effective for parallel manipulators.
This paper is organized as follows. In Section 2, the dynamic model for the WLS identification is established, and two different optimization criteria are formulated. In Section 3, the method of finding exciting trajectories based on optimization criteria are given. In Section 4, an actual 2-DOF redundantly actuated parallel manipulator is employed for application study. In Section 5, the optimal exciting trajectories and dynamic identification are implemented, and the identification results are compared between different criteria. Finally, several remarks are concluded.
MODELING FOR DYNAMIC IDENTIFICATION
For a parallel manipulator system, the dynamic model can be obtained by making a cut at the common joint so that the robot can be dealt with as various open-chain mechanical systems including a tree-like structure [Murray, Li and Sastry, 1994] . For an unconstrained serial manipulator, the equations of motion can be expressed as
where is the joint coordinates, τ and are the actuator torque and friction torque, is the inertia matrix, and is the Coriolis and centrifugal force matrix, the subscript denotes the th serial manipulator.
The dynamic model of a parallel manipulator equals to the model of the open-chain system plus the closed-loop constraints. And the dynamics of the open-chain system can be formulated by combining the dynamics of the unconstrained serial manipulators as
where the definition of the symbols is similar to those in Eq.
(1), only the difference is that the symbols in Eq. (2) represent the whole open-chain system not a simple serial manipulator. Based on Eq. (2) of the open-chain system and the constraint forces due to the closed-loop constraints, the dynamic model in the joint space of a parallel manipulator can be written as
where represents the constraint force vector, here matrix is the differential of the closed-loop constrained equation and λ is a unknown multiplier representing the magnitude of the constraint forces. Fortunately, the constraint force can be eliminated, by finding the null-space of matrix [Liu and Li, 2002] . Then the dynamic model in the task space of a parallel manipulator can be formulated as
where is the generalized coordinates, M is the inertia matrix, and C is the Coriolis and centrifugal force matrix in the task space. In Eq.(4), S is the velocity Jacobian matrix between the task space and the joint space. The friction torque f can be expressed according to one of several models proposed in the literature, taking into account the different friction components, e.g., stiction, Coulomb, and viscous friction [Armstrong, Dupont and Wit, 1994] . In general, the friction torque vector f can be written as
where the expression of the function and the choice of the parameter vector φ depend on the considered friction model. Note that if only Coulomb and viscous friction are included in the model, then is a linear function of velocity only.
The dynamic model Eq.(4) is nonlinear about the trajectory variables , but it is linear about the model parameters. Therefore, when these parameters are separated from Eq. (4), one can get a linear matrix form with respect to the model parameters as follows , , ,
where can be calculated by the dynamic trajectory, model parameter vector φ φ contains the dynamic parameter vector φ and the friction parameter vector φ . Equation (6) 
where
and is the observation matrix, refers to the zero mean measurement noise vector. The solution for the model parameters can be obtained by minimizing proportional to the ratio between the maximum and minimum singular values (condition number) of the observation matrix . Therefore, can be considered as a basic criterion for finding the exciting trajectories.
Provided that some properties of the measurement noise can be obtained, the identification problem can be solved based on statistical frameworks. In these cases, the Maximum Likelihood Estimation (MLE) can be used. In a statistical frameworks, where the measurement of the joint coordinates are free of noise, Eq. (7) holds with a new definition for ρ which is assumed to be a Gaussian vector with zero mean. Considering this assumption, the MLE method reduces to the Weighted Least Square (WLS) method.
It is usually assumed that ρ is a zero mean additive independent noise, with the standard deviation ρ σ such that ( )
where is the expectation operator, is the identity matrix. The error covariance matrix satisfies the relation
The LS expression Eq. (7) can be weighted by the covariance matrix Q as
where w = y Qy , , and . The WLS solution can be calculated by the LS method from Eq.(10). The solution minimizes the 2-norms of the vector of the weighted errors as .
The WLS solution is sensitive to the errors in ˆw φ w y and . In order to improve the WLS solution, the condition number of the observation matrix should be close to 1, and means that all the model parameters are estimated with the same absolute accuracy [Gautier and Poignet, 2001] . Thus a frequently used optimization criterion can be derived from the condition number of : , where Λ is a diagonal matrix which can be built as a diagonal covariance matrix of the measured actuator forces. A small
J is desirable to minimize the bias of the estimation due to un-modeled dynamics errors, to enhance the convergence rate of the algorithm, and to minimize the sensitivity of the solution to variations of the measurements vector y w . Another significant index on Z can be defined by , where
covariance matrix of the measured actuator forces. Minimum of 2 J with respect to the exciting trajectories is referred to as D-optimality [Swevers et.al., 1997] , and it is desirable in order to get estimates with minimal uncertainty bounds. This is an important criterion to find the optimal parameters of exciting trajectories. In the following, based on the optimization criteria 1 J and 2 J , the process of obtaining exciting trajectories will be given.
OPTIMAL EXCITING TRAJECTORY DESIGN
The process of obtaining optimal exciting trajectory consists of finding an observation matrix such that the values of the criterion mentioned in the previous section will be minimized. The optimal exciting trajectory has to minimize the criteria and it is associated with the optimal parameters set 
where are functions regarding the actuator limits and the workspace limitations due to the singular configurations of parallel manipulators. These can be seen as a constraint optimization process solved by means of nonlinear optimization methods.
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As can be seen in (11), the entries of Z depend on the generalized coordinates q and joint coordinates . On one hand, the generalized coordinates which usually established in the task space are independent, and each generalized coordinate can be pre-designed independent. On the other hand, for the robotic manipulators with closed-loop constraints such as parallel manipulators, the joint coordinates restrict each other and they are dependent. Thus not all the joint coordinates can be pre-designed freely. Fortunately, the joint coordinates can be transformed into the generalized coordinates by using kinematic transformation. Therefore, the optimization problem only relating with the generalized coordinates can be written as 
Indeed, Eq.(12) only depends on the values of the independent generalized coordinates; thus, in the optimization process these coordinates are the variables to be optimized. A mathematically bounded trajectory is therefore needed to satisfy the constraints and to keep the exciting trajectory within the limited workspace. The exciting trajectories consist of a finite sum of harmonic sine and cosine functions in a form of a finite Fourier series have been successfully adapted for serial manipulators [Swevers et.al., 1997] . Correspondingly, the exciting trajectory can be parameterized with respect to the generalized coordinates as are the coefficients of the Fourier series that will be the variables of the optimization process.
After defining the parameterized trajectory, the parameters in Eq. (13) should be solved under the optimization criteria. The optimization criteria discussed in Section 2 are considered. First, the condition number criterion 1 J can measure the disturbance influence on the parameter estimates. Second, the D-optimality criterion 2 J can guarantee minimal uncertainty of the parameter estimates. The resulting finite-dimensional optimization problem is then solved in the Matlab TM environment by using the nonlinear constrained optimization function fmincon.
APPLICATION TO A PARALLEL MANIPULATOR
A 2-DOF redundantly actuated parallel manipulator is employed for experimental evaluation of the exciting trajectories and dynamic identification. The prototype of the parallel manipulator is shown in Fig.1 . It consists of three arms connected to a common joint. Three servo motors with absolute optical-electrical encoders are mounted at the base joint of each arm. According to [Shang, Cong and Kong, 2010] , the dynamic model of the parallel manipulator can be formulated in the task space as M q C q S f S τ 
Compared with the active joint friction, the passive joint friction is much smaller and can be neglected. Then the active joint friction
can be formulated as (14), one can get a linear matrix form with respect to the model parameters as follows
where is a matrix calculated by the dynamic trajectory, the model parameter vector φ contains the dynamic and friction parameters. The nominal dynamic parameters can be found in [Shang, Cong, and Kong, 2010] . For the parallel manipulator, only the angles of the active joints can be measured directly by the absolute opticalelectrical encoders. The joint velocity and acceleration are estimated by using the filters and numerical difference algorithm. A low-pass Butterworth filter is designed to filter the noise in the active joint angles, and the filtfilt function of Matlab TM is used to avoid the phase distortion of the filtered signal. Then, based on the filtered joint angle, the joint velocity is estimated by using the central difference algorithm gradient of Matlab TM . The angular acceleration of the active joints is estimated from the filtered joint angles by using the central difference algorithm gradient for two times. Based on the kinematics of the parallel manipulator, the actual position and velocity of the passive joints can be calculated with the signals of the active joints. Then, the actual velocity and acceleration of the end-effector can be computed further.
DYNAMIC IDENTIFICATION
The exciting trajectories of the parallel manipulator are assumed to be defined in Eq.(13). Then the optimal parameters of the trajectories are computed according to the criteria by using the optimization method. For each optimization, the trajectories are parameterized by means of finite Fourier series with three harmonic functions. The optimization process can be carried out in the Matlab TM environment by using the nonlinear constrained optimization function fmincon. Limitations on the joint movement and actuator torques of the actual manipulator are introduced as constraints in the optimization process. For the optimization process, the exciting trajectories are repeated 10 times and 2500 configuration points are extracted every 5 s. Numerical simulations also shows that a number of harmonics as low as 3 H n = is sufficient to determine a good trajectory, because larger values of H n gives no significant improvement on the optimal objective.
Identification using exciting trajectory under criterion 1 J
We first consider the optimality criterion based on the minimization of the condition number . The minimum value of
) is achieved by the nonlinear optimization after updating for 60 times. The resulting three-harmonic trajectory is shown in Fig. 2 , and the corresponding trajectory is called the optimal exciting 1 294.003 J = trajectory 1. In Fig.2 , the red real line is the trajectory of the end-effector on the X-direction, and the blue dashed line is the trajectory of the end-effector on the Y-direction.
Identification using exciting trajectory under criterion 2 J
Computation of the exciting trajectories can be performed with respect to the second optimality criterion, based on the index . The minimum value of The optimal exciting trajectory so found is then executed by the parallel manipulator for 10 times under the simple PD controller. Then the trajectory and torque data are collected and processed, and the WLS algorithm is applied to the acquired data to identify the dynamic parameters and friction parameters. The identification results of the dynamic parameter are shown in table 1, and the identification values of the friction parameters are shown in table 2. The identified parameters using the exciting trajectory by the criterion 1 J are called the identified parameters 1, and the corresponding dynamic model is called the identified model 1. A plot of the optimal exciting trajectory for the parallel manipulator is shown in Fig. 3 , and the corresponding trajectory is called the optimal exciting trajectory 2. In Fig.3 , the red real line is the trajectory of the end-effector on the X-direction, and the blue dashed line is the trajectory of the end-effector on the Ydirection. 
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Criterion In order to compare the identified models from different criteria J1 and J2, based on the dynamic model Eq. (14), the torques of the active joints are calculated by the estimated parameters. The torque curves of the three active joints are shown in Fig.4 . From Fig.4 , one can see that the torques calculated by the identified model 2 is closer to the actual torques, compared with the torques by the identified model 1. 
CONCLUSIONS
Due to the limited workspace and closed-loop kinematic constraints, the design of exciting trajectories for parallel manipulators is a challenging work. This paper presents a system approach toward the design of exciting trajectory according to different optimal criteria, and develops the WLS method for the dynamic identification of parallel manipulators. The experiment results indicate that, by using the experimental identification method developed in this paper, the accurate dynamic model can be formulated, thus the advanced dynamic control can be realized.
